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Abstract

A model of a fluorescent ink halftone print is pre-
sented. The model includes the effects of optical dot
gain — the scattering and diffusion of light within the
paper — and includes the effects of multiple reflections
between the paper substrate and the ink-layer. A for-
mula for the halftone spectral reflectance is derived,
expressed in terms of the ink fluorescence and absorp-
tion spectra, and the probability functions that char-
acterize diffusion within the paper.

Introduction

Recently a model of the reflectance of fluorescent ink
on paper was presented[l, 2]. The current work ex-
tends this theory to the case of the halftone print,
and includes the effects of optical dot gain[6, 7]. The
theory uses a modified Clapper-Yule model[4, 3, 5] to
account for multiple internal reflections between the
ink-layer and the paper substrate. In the first section,
the model is presented as a pair of coupled first or-
der differential equations with boundary conditions.
In the second section, the equations are solved for
the primary photon streams — the photons that are
absorbed and create the fluorescent photons. In the
third section, the equations are solved for the fluores-
cent photon streams. In the last section, the reflected
streams are combined to give the halftone spectral re-
flectance.

Development of the Model

The model consists of an ink-layer with thickness
t on a paper substrate. Light is incident on the top
surface of the ink-layer, is transmitted through the
layer, is multiply reflected between the layer and the
paper substrate, and is transmitted through the layer
on reflection. The model assumptions are:
1) The layer is thin: i.e. if a transmitted photon enters
the layer at the point x, y, it exits the layer at the same
x,y point.
2) The ink-layer is defined by the dot array functions
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Co(z,y) and Ci(x,y)[6]. Areas of the ink-layer that
are covered with ink are specified by Ci(x,y): Ci(z,y)
is equal to 1 at points x,y covered by ink, and is zero
if it is void of ink. Regions void of ink are specified by
Co(z,y) = 1 —Ci(x,y). The fractional area of ink is
p = [Ci(z,y)dedy, and g = 1—py is the fractional
area void of ink.

3) Since the paper and ink have approximately equal
indices of refraction, the reflectance at the paper-ink
boundary is negligible, and the reflectance at the paper-
air and ink-air boundaries have the same value 7.

4) As incident light passes through the ink-layer, it
is selectively absorbed by the ink to create fluores-
cent photons. The absorption and fluorescence spec-
tra do not overlap, so the fluoresced photons are not
absorbed by the ink.

5) One chooses +z downward, with z = 0 the top sur-
face of the ink-layer and z = t the bottom surface.
The incident light is diffuse, and the paper is assumed
to be Lambertian reflecter.

One defines I (x,y, z; \) to be the downward (+2)
photon stream, and I_(x, y, z; \) is the upward stream
(—z). Within the ink layer, I, and I_ satisfy the
following coupled equations, as derived in Ref. [1]:

LI (z50) =~ ()
Qf(/\)/E(/\/){I (5 N)+ 1 (zw)}dx (1)
2 +\% —\< ;
d
—&I,(z; A) = -XA\)I_(z;\)
+2500 / E(A')[I (2 N)+ 1 (zv\/)]d)\/ 2)
2 +\% —\< ’
with

E(ZL', Y; >\) =C (1’, y) 5(/\)

and £(\) the extinction coefficient. Points z,y at
which there is ink, ¥ = &; points void of ink, ¥ = 0.
The normalized fluoresence spectrum is f(A), and Q
is the quantum efficiency. The absorption, £(A), and
fluorescence spectra do not significantly overlap.
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The boundary condition for the top surface is:

I+(a:7y,z:0) :IO+Tt($7y)I*(x7yvz:O)v (3)
where Ip()\) is the spectral power distribution of the
incident light, assumed spatially uniform, and the sec-
ond term represents the internally reflected upward
stream, with r; the internal reflection from the top of
the ink-layer:

ri(x,y) = rCi(z,y)

where 7 is the internal reflectance at the ink-air bound-
ary. At those points x, y with ink, the reflectance from
the top of the ink-layer is 7, at those points of the layer
void of ink, the reflectance is 0.

The boundary condition for the upward stream at
the lower surface includes the multiple internal reflec-
tions between the paper and the bottom surface of the
ink-layer:

I_(z,y,t)=(1—m)
x{h x I (v, y,t) + hx* |:Tb I x I+(ai,y,t)]

+hx [rb h * (rb h*l}(x,y,t))] +} (4)

with * indicating a convolution. The paper’s point
spread function (PSF)[6, 7] is h(x,y) with normaliza-

tion:
//h(az,y) dedy =r,

with 4 the reflectance of the the paper substrate. The
downward reflectance from the lower surface of the
ink-layer is:

ro(z,y) =7 Co(z,y)

The bottom surface of the ink-layer reflects downward
only at those points void of ink; at points covered by
ink, there is no downward reflection from the lower
ink-layer surface.

The downward stream passes from the ink-layer
into the paper, is scattered and reflected upwards.
Each term of the series represents a scatter/reflection
process: the upwardly scattered light is internally re-
flected back into the paper from the bottom surface
of the ink-layer, to be scattered upwards, etc. The
different terms are shown in Figure 1.

The object is to solve for the upward stream
I_(x,y,0;\) and then integrate over the surface to
obtain the average reflected intensity:

1

area

(I-(N)) =

(area)

(5)

[1—rt(x,y)] I_(x,y,0;\) dzdy.
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Figure 1. The multiple scattering/reflection processes
that contribute to the upward primary stream at the
ink-layer lower boundary.

The upward and downward streams, I_ and I, can
each be separated into two parts: a part consisting
of the fluorescent photons — upwards and downwards
fluorescent streams: uy — and a part consisting of the
originally incident photons — upward and downward
primary streams: v4.

Ii(2) = va(2) + us(2).

Since the absorption and fluorescent spectra do not

significantly overlap, the equations for the photon streams,

Egs. (1) and (2), can also be separated:

£Z04(2) = ~Dua () (6)
and d
i&“i(z) =F,X [wr(z) +v_(z) (7)

where to simplify the notation the integral operator
F, is defined as:

Fag =250 [g00)ax.

Primary Streams
The equations Eq. (6) can be integrated to get:

vi(2) = exp[—Xz] vy (0)

v—(2) = exp[=X(t — 2)] v_(t) ®)

with v (0) and v_(¢) obtained from the boundary con-
ditions:

v4(0) = Ip + r exp(—Xt) v_(t) (9)
v_(t) = (1 —rp) X <h* [exp(—Et) v+(0)}

+h * {rb h [exp(—Et) v+(0)] } +.. ) (10)
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Inserting the expression for v (0), Eq. (9) into Eq. (10)
one can solve for v_(t) iteratively as a power series in
r, to get:

v_(t) =Io (1 —1p)

X [h x exp(—2t) + h * {Rh * exp(Et)}

hx (Rh* {Rh*exp(Et)}) f...

with R defined as:

(11)

R =1y + ryexp(—2et).

This is the total reflectance back into the paper from
the ink-layer. The ink transmittance is 7 = exp(—¢t),
so that the reflectance R back into the paper from the
ink-layer is equal to r at points void of ink, and equal
to r72 at points with ink, as shown in Figure 2.

The expression for v_(t), Eq. (11), is essentially
the same as that used in the modified Clapper-Yule
model of halftone reflectance[5]. Using the results of
Ref. [5], one can write v_(t) as:

v_(t) = ]0(1_”)){66 |:P00+P01 T] +C{ {P10+P11 T] }

(12)
where C{ = u;, 1¢,. The elements of the matrix P
are the diffusion probabilities: the joint probabilities
that a photon enter and exit the paper through the
different regions of the halftone microstructure. For
example, the element Pi( is the probability that a
photon enter the paper through a region void of ink,
diffuse and internally reflect within the paper, and and
then exit through a region with ink. In Reference [5],

it is shown that P is given by:

- {1+i (h’R)"] h

n=1
where 1 is the identity matrix, and

|

The elements of the matrix h are bracket integrals|[8]:

r 0
0 rr2 |-

1
hnm = //Cn(x,y) h % Cm(xry) d:L’dy
area
and
h/ _ hnm
nm /,Lm
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Figure 2. The ink-layer showing region of ink — the
dots — and regions void of ink. The ink-layer internal
reflectance is r from points void of ink, and r72 from
points with ink.

ink-layer
paper

The downward stream, v (2) is given by Egs. (8) and

(9):
v4(2) = exp(—Xz) [Ip + 1t exp(—2t) v_ (t)} (13)

Fluorescent Streams

The fluorescent streams, uy(z) are the solutions to
Eq. (7), with the following boundary conditions, from
Egs. (3) and (4):

uy(0) = rru_(0) (14)

u_(t)=(1- rb){ hxuy(t) + h* {rb h*qu(t)}

+hx <n, hx [r,, h*u+(t)}> +} (15)

Equations (7) can be immediately integrated using
Egs. (8) and (13) to get:

ur(t) =us(0)+ 85, u_(0)=u_(t)+S (16)
where the source term for the flourescent light, S, is

given by:
S=Fy[1- exp(—Et)} [v+(0) +o ).

Fluorescent photons are created as the the downward
stream passes through the ink-layer and as the up-
ward stream passes through the ink-layer. There are
two parts contributing to the downward stream: the
incident light and the part of the upward stream re-
flected downwards from the top of the ink-layer.

The fluorescent photons are multiply reflected be-
tween the ink-layer and the paper, with no difference
in reflection between dots and voids since the fluo-
rescent photons are not absorbed by the ink. There-
fore, using Egs. (14) and (16) the multiple reflections
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can be summed exactly to give the total reflectance
R, = ry(1 —7)/(1 — rgr). One then finds that the
spatially averaged u_(0) is proportional to

(1—-7r)+ (S).

There are three streams of multiply reflected fluo-
rescent photons, corresponding to the three terms in
u_(0): as shown in Figure 3, (a) is (1 — r)(S), (b) is
r R, (S), and (c) is R, (S), with the fluorescent source:

(L+7) R,

() =Falo (1 - T) Ml + (1 + 7‘7') <P1o + TP11)}

(a)
(S)

Figure 8. The three contributions to the fluorescent
light: a) (1 —7)(S), b) TR,(S), and c) R,(S5)

paper

Halftone Reflectance

The average reflected radiation is given by Eq. (5),
and the halftone reflectance is:

)/ 1o

The contribution to the halftone reflectance from the
upward primary stream, ((1 —r)v_(0)), is:

(1 =7r)v_(0)) =
In(1 - T){Poo +7Po1 + 7Py + 77 Pll}

Ry = (I_

The contribution to the halftone reflectance from
the upward fluorescent stream, ((1 — ;) u—(0)), is:

(1 =rJu_(0)) = [(1+ R,) =7 (1= R,)| (S)

Combining these in Eq. (5) one obtains the halftone
reflectance:

Ry =

{(1 —r) {Poo +7Po1 + 7P+ 72 Pn}
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+[1+R))

[ul + (1 + 7’7) (Pm + TPH)} }

Conclusion

(1 R,,)] ITYFaly(1— 1)

(17)

The formula for the spectral reflectance of a fluores-
cent ink halftone has been presented. The reflectance
is expressed in terms of the absorption and fluores-
cence spectra of the ink, and the diffusion probability
functions which characterize the diffusion of photons
within the paper, and the multiple reflections between
the ink-layer and substrate.
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